We show that any 4-manifold admitting a (g; k, 0, 0)-trisection is an irregular 3-fold cover of the 4-sphere, branched along an embedded surface with two singularities. A 4-manifold admits such a trisection if and only if it has a handle decomposition with no 1-handles and no 3-handles; it is conjectured that all simply-connected 4-manifolds have this property.
Introduction
A classical result in 3-manifold topology states that every closed, oriented 3-manifold can be realized as an irregular 3-fold cover of the 3-sphere branched along a knot. This was proved independently by Hilden [Hil74] , Hirsch [Hir74] , and Montesinos [Mon74] in 1974. Irregular 3-fold covers with smooth branching sets are characterized by the property that every point on the branch locus has two pre-images, one of branching index 1 and one of branching index 2. Thus, they are special cases of simple branched covers [Pie95] and of irregular dihedral branched covers [CS84, Kju18] .
We extend Hilden's techniques using trisections [GK16] to prove the following.
Theorem A. Let X be a 4-manifold that admits a (g; k, 0, 0)-trisection. Then X is an irregular 3fold cover of S 4 , branched along a closed, connected surface S of Euler characteristic k −g, embedded in S 4 smoothly away from two cone singularities.
There is no hope to realize every 4-manifold as a 3-fold cover over the 4-sphere, regardless of the assumptions on the branching set. A lower bound on the degree of a branched cover f : X → S 4 is obtained from the length of the reduced cohomology ring of X with rational coefficients [BE78, Theorem 2.5]. It follows, for instance, that a branched cover of S 4 by the four-torus T 4 has degree at least four. In fact, every closed oriented smooth 4-manifold is a simple 4-fold cover of the 4sphere [Pie95] . Examples of 3-fold covers of S 4 by simply-connected manifolds where the branch sets have cone singularities are constructed in [CK17], [CK] and [BCK] .
Examples of exotic manifolds admitting (g, 0)-trisections are constructed in [LM18] . By our Theorem A, these exotic manifolds are irregular 3-fold branched covers of the sphere. Moreover, a 4-manifold admits a (g; k, 0, 0)-trisections if and only it can be built with no 1-handles nor 3handles [MSZ16] . It is an open question whether every simply-connected four-manifold admits a (g, 0)-trisection or a handle decomposition of this type [Kir78, LM18] . This motivates the following: Question 1.1. Is every simply-connected smooth 4-manifold an irregular 3-fold cover of the 4sphere with branch set an embedded, singular surface?
In light of our main result, a negative answer to Question 1.1 would amount to discovering a simply-connected 4-manifold which does not admit a handle decomposition with no 1-handles nor 3-handles. On the other hand, many simply-connected 4-manifolds are known to admit (g; 0, 0, 0)trisections, including CP 2 , S 2 × S 2 , and K3 [LM18, ST18], as well as connected sums of these manifolds and their mirrors. Thus, we obtain the following corollary pertaining to simply-connected 4-manifolds which satisfy the 11/8-Conjecture [GS99, Section 1.2].
Corollary B. Every simply-connected, closed, oriented, smooth 4-manifold X with b 2 (X) ≥ 11 8 |σ(X)| is homeomorphic to an irregular 3-fold branched cover of the 4-sphere.
In other words, if the 11/8-Conjecture is true, every simply-connected, closed, oriented, smooth 4-manifold is homeomorphic to an irregular 3-fold branched cover of S 4 .
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Background
In this section, we recall the requisite background material relating to trisections, singular surfaces, and branched covers.
2.1. Trisections. The theory of trisections was introduced by Gay and Kirby [GK16] who showed that every smooth, orientable, closed, connected 4-manifold admits a trisection, defined below. We also refer the reader to [MSZ16, Gay19] for more thorough introductions.
The surface Σ is called the core, the handlebodies H i are called flanges, and the 4-dimensional pieces Z i are called sectors. The parameter g is called the genus. In the case that the k i = k for each i, we call the trisection balanced and refer to it as a (g, k)-trisection; otherwise, the trisection is called unbalanced. The subcomplex H 1 ∪ H 2 ∪ H 3 is called the spine. An important aspect of the theory is that the spine of a trisection determines the ambient 4-manifold.
The notion of an unbalanced trisection and the connection with handlebody decompositions was explored in [MSZ16] . It is shown that a 4-manifold that admits a (g; k 1 , k 2 , k 3 )-trisection can be built with one 0-handle, k 1 1-handles, g − k 2 2-handles, k 3 3-handles, and one 4-handle. Thus, if k i = 0 for some i = 1, 2, or 3, then X is simply-connected.
Remarks 2.1. We use the following results.
(1) The 4-manifolds S 4 , ±CP 2 , S 2 × S 2 , and K3 admit (g, 0)-trisections with g = 0, 1, 2 and 22, respectively [GK16, LM18, ST18]. We denote the genus zero trisection of S 4 by T 0 . (2) The trisection parameters (g; k 1 , k 2 , k 3 ) are additive under connected sum of trisected 4manifolds. [GK16] .
2.2. Singular bridge trisections and branched covers of S 4 . We define the branched covers constructed in the proof of Theorem A.
A surface S ⊂ S 4 is singularly embedded provided that
(1) S is smooth away from finitely many points;
(2) in a neighborhood of each non-smooth point, S is given as the cone on a smooth knot in S 3 .
The notion of a bridge trisection was introduced in [MZ17] and extended and studied in [CK17, LM18, MZ18]. Here we give a generalization to the singular setting.
Definition 2.2. Let S ⊂ S 4 be a singularly embedded surface. We say that S is in b-bridge trisected position with respect to the genus zero trisection T 0 if for each i ∈ {1, 2, 3}
(1) T i = H i ∩ S is a trivial, b-strand tangle;
(2) D i = Z i ∩ S is either the cone on a knot or a trivial disk system, that is, a collection of properly embedded, smooth 2-disks in Z i ∼ = B 4 which are simultaneously boundary parallel.
The decomposition
Note that, as defined, a singularly embedded surface that is in bridge trisected position has at most three singularities. This suffices for our branched cover construction. It is possible to generalize the definition, allowing transversely immersed surfaces of any number of components and with any number or singularities to be put in bridge trisected position. See [LM18] for more general discussions.
Definition 2.3. Let S in S 4 be a singularly embedded surface. A map f : X → S 4 is called a singular branched covering of S 4 with branch set S if the following two conditions hold:
(1) Away from the union of small 4-ball neighborhoods around each of the singular points, f is a branched covering map.
(2) In a 4-ball neighborhood of a singular point, f is the cone on a branched covering map from a 3-manifold M 3 to S 3 .
In the above definition, for each neighborhood of a singular point z ∈ S, the manifold M 3 is the cover of S 3 branched along the knot describing the singularity z. When the total space X is a manifold, that is, in all of our constructions, M 3 is necessarily homeomorphic to S 3 . The general case, where X is a stratified space with isolated singularities, is studied in [GKS19] . We also refer the reader to [Zud08, BE78] for broad overviews of branched coverings.
Fox colorings and Hilden's map.
A branched cover is determined by its ordinary covering behavior away from the branch locus [Fox57] , which in turn arises from a homomorphism with domain the fundamental group of the branch set complement. When considering 3-fold irregular covers of S 3 with branching set a link L, the relevant homomorphism is to D 3 , the dihedral group of order 6. Meridians of the link map to reflections. Such a homomorphism ρ : π 1 (S 3 \L) D 3 can be represented by a Fox 3-coloring of a diagram of L. Each of three colors is identified with a reflection in D 3 , and an arc in the diagram is colored according to its image under ρ. Similarly, a Fox 3-coloring of a singular tri-plane diagram determines an irregular 3-fold cover of S 4 branched along a singular surface [CK17].
Lemma 2.4. Suppose that L is a (k + 2)-component unlink with one component colored "1" and the rest colored "2". Let f : Y → S 3 denote the irregular 3-fold covering corresponding to this coloring. Then Y ∼ = # k (S 1 × S 2 ). Moreover, for g ≥ k there exists a (g + 2)-bridge position for L such that the bridge sphere lifts to a genus g Heegaard surface for Y . Proof. Given L as above, denote by f : Y → S 3 the irregular 3-fold branched cover induced by the coloring on the branching set L. We consider two Heegaard splittings for Y , corresponding to two bridge positions for L.
First, let T 1 be a (k + 2)-strand trivial tangle represented by a diagram with no crossings. Let one arc of T 1 be colored "1" and the remaining k + 1 arcs colored "2". Doubling T 1 along its boundary gives a (k + 2)-bridge decomposition of L = T 1 ∪ T 1 , with bridge sphere S 1 . The link L meets S 1 in 2k + 4 points which are branch points for f . Each of these branch points has two pre-images under the 3-fold cover f , so it follows that the Euler characteristic of Σ 1 = f −1 (S 1 ) is 2 − 2k. Since the branched cover of a trivial tangle is a handlebody, we have that Σ 1 is a genus k Heegaard surface for Y . Moreover, this Heegaard splitting for Y is obtained by doubling a genus k handlebody along its boundary. Therefore, Y ∼ = # k (S 1 × S 2 ).
Next, let g ≥ k and assume the link L has the same coloring as before. Furthermore, assume L is in (g + 2)-bridge position with respect to a bridge sphere S 2 . For concreteness, we choose the (g + 2)-bridge position for L depicted in Figure 1 ; this will be helpful in the proof of Theorem A. As before, we can compute the Euler characteristic of Σ 2 = f −1 (S 2 ) and conclude that Σ 2 is a genus g Heegaard surface for Y .
... ... In this section, we summarize several results in Hilden's work [Hil74] and prove our main theorem.
3.1. Revisiting Hilden's result. We restate the main results of Hilden's paper [Hil74] in language that is well-suited for carrying out our generalization to dimension four. The statement below follows from Theorems 8, 9 and 10 of [Hil74] , and their proofs. We denote by π : Σ g → S 2 the standard covering map described by Hilden; see Figure 2 . This map realizes the genus g surface as an irregular 3-fold covering of S 2 with a branching set consisting of 2g + 4 points, whose union we denote by x. The map π is constructed starting with a genus 3g + 1 handlebody H 3g+1 and a 6-fold cover H 3g+1 → B 3 with an action by the dihedral group of order six. A Z/2Z quotient of this map defines the irregular 3-fold cover H g → B 3 whose boundary is the map π. Hilden [Hil74] ). Let H be any genus g handlebody with ∂H = Σ g . The Hilden covering map π : Σ g → S 2 extends to an irregular 3-fold covering map π : H → B 3 whose branch set is a trivial tangle T ⊂ B 3 with ∂T = x. Moreover, T can be chosen so that its strands induce any desired pairing of the points x.
Proof of Theorem A.
We now recall and prove our main result.
Proof. Let X = Z 1 ∪ Z 2 ∪ Z 3 be a (g; k, 0, 0)-trisection of X with core Σ and flanges H 1 , H 2 , and H 3 . Denote the spine of standard trisection T 0 of S 4 by B 1 ∪ B 2 ∪ B 3 , where each B i is a three-ball with boundary the core S 2 of T 0 . After identifying Σ with the standard genus g surface, we view Hilden's covering map π : Σ → S 2 as having domain the core of the trisection of X and target the core of the trisection of S 4 . By Theorem 3.1, π extends over each of the H i flanges to give 3-fold covering maps π i : H i → B i whose branch loci are trivial tangles T i ⊂ B i .
By assumption, H 1 ∪ Σ H 2 is a genus g Heegaard splitting for Y 1 = ∂Z 1 ∼ = # k (S 1 × S 2 ). It is important to note that all genus g Heegaard splittings of # k (S 1 × S 2 ) are unique up to isotopy whenever g ≥ k. (See [CO05] and [Sch07, Section 6].) Hence, H 1 ∪ Σ H 2 is isotopic to the genus g Heegaard splitting induced on # k (S 1 × S 2 ) in Lemma 2.4. Thus, we may begin our construction of f by defining f | Y1 : Y 1 → S 3 to be the map constructed in Lemma 2.4. In particular, f | Y1 : Y 1 → S 3 has branch set a (k + 2)-component unlink with one component colored "1" and the rest colored "2". In other words, in constructing the desired map X → S 4 , we choose T 1 and T 2 so that T 1 ∪ x T 2 is the bridge decomposition for the unlink depicted in Figure 1 .
Next, we claim that we can choose T 3 so that T 2 ∪ x T 3 and T 3 ∪ x T 1 are both knots. Here, we use the fact that Theorem 3.1 allows us to choose T 3 so that it induces any possible pairing of the boundary points. We let T 3 induce the pairing depicted in Figure 3 . Note that T 2 ∪ x T 3 and T 3 ∪ x T 1 are both connected.
...
... Thus far, we have constructed an irregular 3-fold branched cover from the spine of the given trisection of X to the spine of the standard trisection of S 4 . It remains to extend this map over the sectors of the trisections. For i = 2 or 3, the map f i = π i ∪ π π i+1 : H i ∪ Σ H i+1 is by construction an irregular 3-fold cover f i : S 3 → S 3 with branch set the knot K i = T i ∪ x T i+1 . We extend to a covering between the 4-ball sectors Z i → B i by taking the cone on the map f i . The branch locus is a disk D i ⊂ B i , embedded as the cone on K i . Observe that K i is necessarily a non-trivial knot, since it admits a 3-coloring. In particular, the disk D i is singular.
For i = 1, the map π 1 ∪ π π 2 : H 1 ∪ Σ H 2 is the standard covering of # k (S 1 ×S 2 ) over S 3 with branch set K 1 the (k+2)-component unlink. We can extend this covering across the sector Z 1 ∼ = k (S 1 ×B 3 ) without introducing any new singularities, since this 4-manifold is the irregular 3-fold cover of B 4 with branch set the trivial disk system D 1 of (k + 2)-components.
Letting S = D 1 ∪ D 2 ∪ D 3 , we see that S is a connected surface in (g + 2)-bridge trisected position and has two cone singularities, namely the cone points in D 2 and D 3 . We have thus extended f to an irregular 3-fold covering X → S 4 with branch set S. The surface S has a cellular decomposition consisting of the 2(g + 2) points of x, the 3(g + 2) strands of the three tangles, the two cones D 1 and D 2 , and the k + 2 disks whose union is D 1 . It follows that χ(S) = k − g. In particular, when the parameters k and g have different parity, S is non-orientable.
Remark 3.2. A (g, 0)-trisection is called doubly standard if there are cut-systems of disks α i for the flanges H i such that the Heegaard diagrams (α 1 , α 2 ) and (α 2 , α 3 ) each contain exactly g intersection points. Given a manifold X equipped with a doubly standard trisection, the above proof can be adapted so that the branching set S has only one singularity. See Example 4.3 below.
Changing the number of singularities in the construction of f can affect the orientability of the branching set S, as seen from Euler characteristic and signature considerations. When S has a trivial normal bundle, the number of singular points is congruent mod 2 to the signature of the total space, σ(X), since each singularity's contribution to σ(X) is an odd integer [Kju18, CK] .
Examples
In this section, we collect some examples of irregular 3-fold covers of S 4 . We use Fox 3-colored triplane diagrams to depict the branching sets and associated dihedral representations. This is sufficient to determine trisection diagrams of the corresponding irregular 3-fold covers [CK17]. See [MZ17] for details regarding the notion of a tri-plane diagram. Figure 4 gives Fox 3-colored tri-plane diagrams of the branching sets for basic examples of irregular 3-fold coverings of S 4 . The notation "X S" means that X is the irregular 3-fold cover of S 4 , branched along a singular surface homeomorphic to S and embedded in S 4 according to the given tri-plane diagram. The singularities are described in the parentheses; for example, RP 2 3 1 , 3 1 , K 33 10 represents a projective plane with three singularities, two of which are cones on right-handed trefoils and one of which is a cone on the 2-bridge knot K 33 10 . The surface S 31 is the spun trefoil, which is a smoothly embedded, knotted 2-sphere.
In each of the top four rows, moving left to right corresponds to taking the connected sum of the previous branch locus with a monochromatic projective plane. This changes the cover by taking the connected sum with CP 2 . This summand can be chosen to have either orientation by a change of crossing in the third tangle. Moving down the three upper columns corresponds to increasing the number of singularities of the branch locus and lowering the Euler characteristic by one. In each case, this is accomplished via a 3-move [Mon85] . The branch loci in the first and fifth rows are smoothly embedded. Example 4.3. As noted in Remark 3.2, the proof of Theorem A can be adapted to produce a covering map whose branch locus has a single singularity, provided that the trisection is doubly standard. While the literature is currently lacking a systematic study of doubly standard trisection diagrams, examples of this sort appear in [LM18] . The trisection diagrams appearing in Figures 14-16 and 25-27 therein have this property: the α-curves can be slid to be geometrically dual to the β-curves. Due to the symmetry of the diagrams, the γ-curves can be altered in the same way. Thus, (α, β) and (β, γ) can be assumed to be standard. It follows that the complex surfaces corresponding to these diagrams (which include K3) can be realized as irregular 3-fold covers over singularly embedded surfaces in S 4 with only one singularity. It would be interesting to see these branching sets explicitly.
